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We show that the cylindrical symmetry of the eigenvectors of the photon position operator with
commuting components, x̂, reflects the E(2) symmetry of the photon little group. The eigenvectors
of x̂ form a basis of localized states that have definite angular momentum, Ĵ, parallel to their common
axis of symmetry. This basis is well suited to the description of ”twisted light” that has been the
subject of many recent experiments and calculations. Rotation of the axis of symmetry of this
basis results in the observed Berry phase displacement. We prove that
{
x̂1, x̂2, Ĵ3
}
is a realization
of the two dimensional Euclidean e (2) algebra that effects genuine infinitesimal displacements in
configuration space.
I.
INTRODUCTION
Position operators are key but controversial objects in
the study of particle localization in field theory. Newton
and Wigner (NW) found position operators with com-
muting components and spherically symmetric eigenvec-
tors for massive particles and for massless particles with
spin 0 and 12 [1], but their construction failed for photons.
Pryce derived a photon position operator, x̂P , consistent
with the NW axioms but its components do not commute
so it does not have localized eigenvectors [2]. A photon
position operator with commuting components, x̂, does
exist [3], but its eigenvectors are cylindrically symmetri-
cal and it does not transform like a vector under rotations
[4].
We show here that the components of x̂ perpendicular
to the axis of symmetry of its eigenvectors together with
the rotation operator parallel to this axis are a realiza-
tion of the two dimensional Euclidean little group (E (2))
[5]. The operator x̂ does not transform like a vector un-
der rotations and boosts because an additional term is
required to rotate the axis of symmetry of its eigenvec-
tors. This additional term describes the Berry phase [6]
displacement of photon position.
The form of the position eigenvectors used here is flexi-
ble enough to accomodate Newton-Wigner and covariant
normalization. For photons the Heisenberg picture posi-
tion eigenvectors are
cµσx(k) = k
αei(k·x−kct−σχ)
eµθ + iσe
µ
φ√
2
(1)
in momentum space spherical polar coordinates where σ
is helicity, χ is the Euler rotation angle about k, and x
is displacement from the origin. Each choice of α cor-
responds to a choice of normalisation for the position
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eigenvectors. In the NW case for which α = 1/2 these
eigenvectors are not covariant and they are nonlocal in
configuration space due to the factor k1/2. If α = 0,
cµσx(k) is a four-vector and transformation to configura-
tion space using the Lorentz invariant measure d3k/k is
a four-vector proportional to the electromagnetic four-
potential. The inverse Fourier transform obtained us-
ing the trivial measure is the time derivative of the vec-
tor potential, proportional to the electric field describing
this instantaneouly localized position eigenvector. For
the definite helicity transverse modes σ = ±, B = −iσE
so the Riemann-Silberstein vector E+iσB = 2E is again
an electric field. Details of the normalization of these
position eigenvectors are discussed in [1] and [16], but
these details do not affect the expressions derived in this
paper.
The basis of eigenvectors of x̂ is ideally suited to the
description of optical beams with definite angular mo-
mentum (AM) in a fixed direction. Since orbital AM
results in a helical wave front, these beams are referred
to as ”twisted light” [7]. It has been observed that total
angular and linear momentum can be transferred from
a photon to a particle trapped in a twisted light beam
[8, 9]. Focussing of a beam leads to localization on the
axis of symmetry [8] so a basis of localized states is well
suited to the theoretical description of focusing. Berry’s
topological phase has been observed using light beams
and optical fibers [10–13] as a sideways shift of the beam
centroid. Twisted light beams are currently very topical
as they are of interest as candidates for manipulation of
particles, imaging and optical communications based on
violation of local realism [14].
The plan of the paper is as follows: In Section II the
Poincare´ and position operators and their commutation
relations are discussed and the AM and boost operators
are separated into intrinsic and extrinsic parts by writ-
ing them in terms of x̂. In Section III the Wigner little
group algebra is briefly summarized and then extended to
include x̂ and we prove that the transverse components
of x̂ together with rotation about its axis of cylindrical
symmetry are a realization of the photon little group. In
2Section IV experimental and theoretical work on optical
beams is discussed and in Section V we conclude.
II. POINCARE´ AND POSITION OPERATORS
In this Section, after a brief review of the Poincare´
operators, we introduce x̂ and its associated Berry phase
and then write the AM and boost operators in terms of
position operators.
The Poincare´ group describes the fundamental kine-
matic symmetry of a relativistic particle [15]. The
generators of translations in space and time, rota-
tions and boosts are the momentum, Hamiltonian, AM
and Lorentz boost operators, P̂, Ĥ, Ĵ and K̂ respec-
tively. These Poincare´ operators satisfy the commuta-
tion relations
[
Ĵi, Ĵj
]
= i~ǫijkĴk,
[
Ĵi, K̂j
]
= i~ǫijkK̂k,[
K̂i, K̂j
]
= −i~ǫijkĴk,
[
Ĵi, P̂j
]
= i~ǫijkP̂k,
[
K̂i, P̂j
]
=
i~δijĤ,
[
K̂i, Ĥ
]
= −i~P̂i,
[
Ĵi, Ĥ
]
=
[
P̂i, Ĥ
]
=[
P̂i, P̂j
]
= 0 for i = 1, 2, 3 [5]. This algebra will next
be extended to include position operators.
In k-space P̂ = ~k and the photon position operator
with commuting components, x̂, is related to the spinless
nonrelativistic momentum space position operator i∂k by
x̂ = kαD̂i∂kD̂
−1k−α where [4]
D̂ = exp (−iσ̂χ) exp
(
−iŜ3φ
)
exp
(
−iŜ2θ
)
. (2)
Here ∂k is the k-space gradient, Ŝi are the Cartesian com-
ponents of the spin operator Ŝ, σ̂ = ek · Ŝ is the helicity
operator, θ and φ are the k-space spherical polar angles,
χ (θ, φ) is the Euler angle and the k-space spherical po-
lar unit vectors are eθ, eφ and ek as sketched in Fig.
1. The definite helicity transverse unit vectors, equal to
D̂ (e1 + iσe2), are
e
(χ)
σ =
1√
2
(eθ + iσeφ) e
−iσχ. (3)
The position operator with commuting components is [3,
4]
x̂ = i∂k − iα k
k2
+
1
k2
k×Ŝ− σ̂a (θ, φ) (4)
where k = |k|, α = 12 for the NW basis and
a =
cos θ
k sin θ
eφ + ∂kχ. (5)
Inspection of Fig. 1 shows that rotation about k does
not change θ or φ. The Euler angle χ (θ, φ) is defined
as a general rotation about k. Any possible transverse
basis is the set of eigenvectors of (4) for some χ (θ, φ).
Since experiments are often performed on optical beams
with definite angular momentum, the case χ = −mφ for
which the position eigenvectors have intrinsic AM ~mσ
in some arbitrary but fixed direction is of special interest.
For this choice of χ (5) becomes
a
(m) =
cos θ −m
k sin θ
eφ (6)
It is known that
σ̂a
(m)
i = ie
∗
σ · ∂kieσ (7)
is a Berry connection with curvature ∂k × σ̂a(m) =
−σ̂ek/k2 [4, 10, 17]. For parallel transport generated
by the rotation dξ, we have dk = dξ × k, and hence(
a
(m)×k
)
· dξ = −a(m) · dk, (8)
so the Berry phase shift is σΩ where the m-independent
solid angle subtended by a loop of the photon’s path is
[4, 11],
Ω = −
∮
a
(m) · dk = 2π (1− cos θ) . (9)
The position operator with commuting components, x̂,
will be emphasized here but the properties of the Pryce
operator which does not have commuting components
will also be discussed because it is this operator that is
commonly used. The Pryce operator is
x̂P = i∂k − i
2
k
k2
+
1
k2
k×Ŝ (10)
where, from (4),
x̂ = x̂P − σ̂a. (11)
Since [x̂Pi, x̂Pj ] = iǫijkkk/k
3, which can be written as
x̂P × x̂P = −iσ̂k/k3, it is straightforward to verify that
the position operator (4) does indeed have commuting
components: x̂× x̂ = x̂P × x̂P − σ̂ (i∂k×x̂P ) = 0.
In addition to having commuting components, the po-
sition operator (4) commutes with the helicity operator
and satisfies the usual momentum-position commutation
relations. Using P̂ = ~k and Ĥ = ~ck, we write
[x̂i, x̂j ] = 0, [x̂i, kj ] = iδij ,
[x̂i, k] = i
ki
k
, [x̂i, σ̂] = 0. (12)
In the Heisenberg picture where dÔ/dt =
[
Ô, Ĥ
]
/i~, the
momentum space photon velocity operator is thus
˙̂x = cek. (13)
The Foldy representation [18] of the Poincare´ AM
and boost operators is Ĵ = i~∂k × k+Ŝ and K̂ =
1
2 i~ (k∂k + ∂kk)+~ek×Ŝ. In terms of the Pryce position
operator Ĵ = ~x̂P × k+ σ̂~ek, K̂ = 12~ (kx̂P + x̂Pk). In
3terms of x̂ whose eigenvectors, (3), are localized these op-
erators are partitioned into intrinsic and extrinsic parts
[4]. For the momentum operator
Ĵ = ~x̂× k+Ĵ(0,a), (14)
Ĵ
(0,a) = σ̂~ (a× k+ ek) (15)
where Ĵ(0,a) and ~x̂ × k are its intrinsic and extrinsic
parts. The superscript (0, a) refers to the position eigen-
vector at the origin for a particular choice of a. The
boost operator is
K̂ =
~
2
(kx̂+ x̂k) + K̂(0,a), (16)
K̂
(0,a) = σ̂~ka. (17)
Poincare´ transformations are generated by the unitary
operator [5]
Û (ξ,β,x, t) = exp
[
i
~
(
Ĵ · ξ−K̂ · β
)
+ i
(
Ĥt−P̂ · x
)
/~
]
(18)
in which ξ is the rotation angle, β = v/c, x a spatial
displacement and t is time. The infinitesimal change in
an operator Ô due to the unitary transformation Û †ÔÛ
for Û (dξ, dβ, dx, dt) is then
dÔ = − i
~
{
dξ ·
[
Ĵ, Ô
]
− dβ ·
[
K̂, Ô
]}
(19)
+
i
~
{
dt
[
Ĥ, Ô
]
− dx·
[
P̂, Ô
]}
.
III. LITTLE GROUP AND WIGNER
TRANSLATIONS
In this Section the properties of the Wigner little
group of massless particles will first be summarized and
then their relationship to the position operators x̂P and
x̂ will be discussed We will prove that the operators{
x̂1, x̂2, Ĵ3
}
are a realization of the photon little group.
Finally, rotation of the axis of symmetry of the basis will
be investigated.
The Wigner little group operators for a specific four-
momentum kµ are defined by Lµνk
ν = kµ. For a zero
mass particle, it is common, for convenience, to take k
parallel to the 3-axis, kµ = (k, 0, 0, k), so that the little
group operators read L̂ =
{
L̂1, L̂2, Ĵ3
}
, L̂1 = Ĵ2 + K̂1
and L̂2 = −Ĵ1+ K̂2 [5, 19]. In L̂1 and L̂2 the component
of Ĵ needed to compensate for the boost is rotated about
e3 relative to K̂ from e1 to −e2 or from e2 to e1, that is
it lags K̂ by π/2. These operators are an e (2) subalgebra
of the Poincare´ group that satisfy the commutation rela-
tions
[
L̂1, L̂2
]
= 0,
[
Ĵ3, L̂1
]
= i~L̂2,
[
Ĵ3, L̂2
]
= −i~L̂1.
Since L̂1 and L̂2 commute they can be simultaneously
FIG. 1: Spherical, cylindrical and Cartesian cordinates
diagonalized and their linear combinations have a contin-
uum of eigenvalues that is not observed, therefore, their
common eigenvalue must be 0. The operators L̂1 and L̂2
generate gauge transformations [5, 20].
Photons in a twisted light beam have definite total AM
in some fixed direction that here will be called e3. With
χ = −mφ the k-space unit vectors given by (3) become
e
(m)
σ (k) =
1√
2
(eθ + iσeφ) e
iσmφ. (20)
Position eigenvectors at arbitrary x and t can be obtained
by applying the unitary transformation U † given by (18)
to the position eigenvectors at the origin, kαe
(m)
σ (k), to
obtain
c
(m)
σx (k) = k
α
e
(m)
σ (k) exp [i (k · x− ωt)] (21)
consistent with cµσx =
(
c0σx, cσx
)
in (1). Experiments are
usually performed on optical beams for which focusing
leads to photon localization in two dimensions. In these
beams photon density is independent of x3 and t. Using∫∞
−∞
dz exp [i (kz − kz0) z] /2π = δ (kz − kz0) the integral
of (20) over z gives
e
(m)
σ⊥ (k⊥) = e
(m)
σ (k⊥, kz0) exp [i (k⊥ · x⊥ − kz0z − ωt)]
(22)
with ω =
√
k2⊥ + k
2
z0 . This is a good basis for the de-
scription of optical beams.
To describe rotations about fixed axes, a(m) will be
written in terms of the Cartesian unit vectors e1, e2 and
e3 sketched in Fig. 1. In k-space
ek = cos θe3 + sin θeκ, eκ = cosφe1 + sinφe2. (23)
4Substitution of (23) in (15) gives the e3 component of
the intrinsic part of the AM operator as
Ĵ
(0,−mφ)
3 = σ̂m~. (24)
Thus the localized states have intrinsic AM ~σ̂me3.
While the momentum, angular momentum and boost
operators transform like three dimensional vectors, for x̂
operator algebra based on (12) and (14) to (17) gives[
Ĵi, x̂j
]
= i~ǫijkx̂k − i∂kj Ĵ (0,a)i , (25)[
K̂i, x̂j
]
= −i~
2
(
kj
k
x̂i + x̂i
kj
k
)
− i∂kj K̂(0,a)i . (26)
Since Ĵ
(0,−mφ)
3 = σ̂m~ given by (24) does not depend on
k in (25) and the components of x̂ commute, in the basis
χ = −mφ
[x̂1, x̂2] = 0, (27)[
Ĵ3, x̂1
]
= i~x̂2, (28)[
Ĵ3, x̂2
]
= −i~x̂1. (29)
Thus
{
x̂1, x̂2, Ĵ3
}
is a realization of the two dimensional
Euclidean e (2) algebra that effects genuine infinitesimal
transformations in configuration space. This is the pri-
mary result of this paper.
The Poincare´, little group and Pryce position operators
are discussed in [15]. The commutators[
Ĵi, x̂Pj
]
= i~ǫijkx̂Pk, (30)[
K̂i, x̂Pj
]
= −i~
2
(
kj
k
x̂Pi + x̂Pi
kj
k
)
− iσ̂~ǫijk kk
k2
. (31)
are equivalent to (4) and (10) in [15]. The position op-
erator x̂ whose components commute has the additional
features that it has an axis of symmetry and localized
eigenvectors.
To simplify (25) and (26) and obtain their physical
interpretation we will write them in vector form and as-
sume constant dξ, dβ, dt and dx = 0. We return to the
general case since a (θ, φ) is needed to describe a basis
with axis of symmetry not parallel to e3. A nonzero com-
mutator between x̂ and Ĵ, K̂ or Ĥ implies a infinitesimal
change in the position operator. For a rotation through
the angle dξ and a velocity change cdβ, (19) gives dx̂ξj =
− (i/~) dξ ·
[
Ĵ, x̂j
]
and dx̂βj = (i/~) dβ ·
[
K̂, x̂j
]
. The
corresponding changes in the position operator are
dx̂ξ = dξ×x̂− ∂k
(
dξ · Ĵ(0,a)
)
, (32)
dx̂β =
k
k
dβ · x̂− ∂k
(
−dβ · K̂(0,a)
)
. (33)
The first term on the right hand side of (33) arises be-
cause the energy and position operators do not commute.
This corresponds to the dt term of (19) and is a feature
of the quantum mechanics of both massive and massless
particles. The terms in round brackets are σ̂ multiplied
by a change in the Euler angle χ (θ, φ) where, in (32),
σ̂dχξ =
1
~
dξ · Ĵ(0,a) (θ, φ) . (34)
Rotation about an axis in the 12-plane will change the
axis of symmetry of the basis. For rotation though an an-
gle dθ about a fixed axis that makes an angle ϕ with the
e1 axis, dξ = −dθ (cosϕe1 + sinϕe2) = −dθeκϕ . For
a boost described by dβ = dθ (−sinϕe1 + cosϕe2) =
dθeϕ leads dξ by π/2 so that dχ
ξ = −dχβ =
ka(m) (θ) cos (φ− ϕ) and the change in Euler angle intro-
duced by the boost cancels that due to the rotation. For
a finite rotation about eκϕ this Euler angle can be inte-
grated over θ to give ∆χξ =
[∫ θf
θi
a(m) (θ) dθ
]
cos (φ− ϕ).
Since, according to (4) and (5), x̂ includes a term
−σ̂∂kχ (θ, φ) it follows that
dx̂ξ − dξ × x̂ = dx̂β − ekdβ · x̂
= −σ̂dθ
[
eθ
∂a(m) (θ)
∂θ
cos (φ− ϕ)
+eφ
a(m) (θ)
sin θ
sin (φ− ϕ)
]
. (35)
The position operator x̂ describes the center of AM,
while the Pryce operator x̂P = x̂+ σ̂a
(1) implies orbital
AM relative to this center. When applied to the position
eigenvector at the origin, x̂P e
(m)
σ =
(
x̂+ σ̂a(m)
)
e
(m)
σ =
σa(m)e
(m)
σ so the orbital AM is σ~a(m) × k. The po-
sition operator x̂ obeys the commutation relations (25)
and (26), while for x̂P (30) and (31) are satisfied. These
commutation relations are similar except that (25) and
(26) contain a term that rotates the axis of symmetry,
while (31) contains a term −iσ̂~ǫijkkk/k2 not present
in (26) due to noncommutativity of the components of
the Pryce position operator. The extra term in (31) is
equivalent to the second term on the right hand side
of (10) and the right hand side of (13) in [15]. Since
from (11) and the x̂P commutation relation following
it [x̂i, x̂j ] = [x̂Pi, x̂Pj ] − σ̂
([
x̂i, a
(m)
j
]
+
[
a
(m)
i , x̂j
])
=
iσ̂∂k×a(m) − iσ̂k/k3 = 0, in (26) this ‘Wigner’ term is
absorbed into x̂ that has commuting components.
IV. OPTICAL BEAMS
In this Section application of the position eigenvectors
to optical beams will be discussed in the context of the
recent experimental and theoretical literature. We will
consider the relationship of the configuration space basis
to transfer of linear and angular momentum to a parti-
cle, focusing, phase shift in an optical fiber and optical
communications.
5FIG. 2: Focusing of a light beam.
The linear and angular momentum of a photon can be
transferred to a particle. It is observed that the optical
intensity in a high-order Bessel beam is independent of t
and x3 and its transverse profile is a series of bright rings.
A small particle trapped in a bright ring of such a beam
simultaneously spins on its axis and orbits the beam cen-
troid [9]. A photon in this beam has transverse wave
vector k⊥ = k⊥eφ, a radial position vector x⊥ pointing
outward from the beam axis and extrinsic orbital AM
l~e3 [7]. If it is absorbed, its linear momentum ~k⊥ and
total AM (σ + l) ~e3 will be transferred to the particle
causing it to spin on its axis and orbit the beam axis
[8]. At a fundamental level it is total angular and linear
momentum that is conserved [21].
The eigenvectors of x̂ are an idealization of an ultra-
short pulse focused at x for an instant. Experiments are
usually performed on optical beams for which focusing
leads to photon localization in only two dimensions. Eq.
(22) is a good basis for description of focusing of a beam.
A CP beam with incident center wave vector ki = kie3
and final wave vector kf is focused to the point (0, 0, x3)
as sketched in Fig. 2. Since refraction by the lens con-
serves the component of AM parallel to its axis of sym-
metry, the total AM per photon at the focal point is still
σm~e3. This conversion has been observed: focusing of
a beam carrying spin AM can induce orbital AM which
drives the orbital motion of micron-sized metal particles
[8].
In an optical fiber photon position is limited by the
diameter of the fiber and the longitudinal component of
momentum is determined by its orientation. A right-
handed CP beam cycling around a closed circuit in k-
space acquires a Berry phase shift relative to a left-
handed CP beam of 2Ω = 4π (1− cos θ) per loop as pre-
dicted in [11], confirmed experimentally in [13], and given
here by (9). It was predicted in [22] that electrons and
photons experience a universal geometric phase shift even
in a straight waveguide that can be described in pertur-
bation theory by spin-orbit coupling which in the parax-
ial limit is proportional to the spin-orbit coupling. This
effect has recently been observed in dispersion-taylored
straight few-mode fibers [23] where x3 was varied by cut-
ting the fiber. The linear polarization was found to rotate
with x3 at a rate proportional to the spin-orbit coupling
strength. In these experiments, photons in the input
beam have extrinsic orbital AM ~l3.
Twisted photons can be used to encode information
beyond one bit per single photon [14]. Secure commu-
nication requires entangled photons and entanglement is
the most mysterious property of quantum particles. Tests
of quantum mechanics are often performed on photons so
the controversy regarding photon localization is relevant
to many experiments that have great potential for the
performance of quantum tasks.
V. CONCLUSION
Photons are the most important but also the most
problematic neutral bosons. They are important because
they are the subject of many experiments, including some
intended as tests of quantum mechanics itself. They are
controversial because most theorists believe that there is
no acceptable photon position operator with commuting
components that would lead to a basis of position eigen-
vectors. But such an operator does in fact exist and we
show here that its properties are a consequence of the
symmetry of the photon little group. The extra term in
its commutation relations with the rotation and boost
operators describes rotation of the axis of symmetry of
its eigenvectors and the observed Berry phase shift.
We have proved in Section III that
{
x̂1, x̂2, Ĵ3
}
is a
realization of the two dimensional Euclidean e (2) alge-
bra that effects genuine infinitesimal transformations in
configuration space. This answers the question ”What is
x” posed by Stone, Dwivede and Zhou [15]: x is photon
position. While still controversial this conclusion illu-
minates the debate surrounding photon wave mechanics
and the localization of light.
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